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The works of Bachman (2], Ahlswede and Bojanic [1], Bojanic |3],
Dieudonné [5], Koblitz [6] and Mahler [7] bring out many of the
similarities as well as the dissimilarities between analysis over the p-adic
field Q, and analysis over the real field R. If Z,={x€ Q,/|x| <1} and
f:Z,—- Q, is a continuous function, then it can be uniformly approximated
by polynomials. The above result was originally proved by Dieudonné [5].
Subsequently, Mabhler [7] gave constructive proof based on Newton’s inter-
polation formula. A very short proof of the above result was later given by
Bojanic [3]. Ahlswede and Bojanic [1] also addressed themselves to such
issues as best polnomial approximation. In this short note we prove the p-
adic analogue of Walsh approximation theorem which is as follows:

THEOREM 1. Let f: Z,~ Q, be continuous. Let x,,x,,...,x,, be a set of
m distinct p-adic integers. Then f is uniformly approximable by polynomials
h* that satisfy

h*(x) =f(x), k=12, m. (1)

Proof. Let f,(x) be any sequence of polynomials that approximates [
uniformly on Z,. In view of Mahler’s theorem, we can take, for instance,

X x
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191

0021-9045/82/060191-03$02.00/0

Copyright © 1982 by Academic Press, Inc.
All rights of reproduction in any form reserved.



192 SRINIVASAN AND VAN TRAN
For any ¢ € J, choose N, € J such that

|/ Ge) =), <p™' (4)
for any n> N, and x € Z,,. Let x|, x,,..., X,, be m distinct points in Z, and

mox—x

l = , k=1,2,.,m, 5
kaX) 11 xk__xi m ( )

i#k

be the fundamental polynomials of Lagrange interpolation. The polynomial

B = 3 (50 = A6 ) + /00, ©)
where m N + 1 clearly satisfies the conditions
h(x)=f(xp), Jj=1,2,.,m, (7
and
) =, <P+ max (b () ®)
I<k<m

To estimate |/, ,(x)|, it is sufficient to observe that |x —x,;|, <1 for all
X € Z, and that

min{|xi—xj|p: l<i,j<m,i;&j}=p*’" )

for some M € J. Hence

), < [T <™. (10)

i=
i#

X =

Using this estimate we obtain from (8) that
|Bp(x) — ) < p~itm™, forallx€ Z, and n> N,, (11)

and thus the theorem is proved.
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